4.1 - Preliminary Theory-Linear Equations

Definition: The equations

d" dr1 d
an(x)—y + ap_1(x) _y + -+ al(x)—y + ag(x)y =0 (1) and
dxn dxn1 dx
dny n—ly dy
an(X)=—= + ap_1(x)7—= + - + a1(x)== + ao(x)y = g(x) (2)
dxm dxn1 dx

are nth-order, linear differential equations. (1) is homogeneous, and if g(x) # 0,
then (2) is nonhomogeneous. A bbr: hom ;,  hore 9

Definition: T% p‘gints y(x0) = 0, ' (%0) = 1, -+, Y V(x)) = yn_ are initial

conditions. An daitia -value problemis r (2), together with initial condi-

tions. In the event that we have information such as y(a) = yy, y(b) = y, then
we have aboundary-value problem _ Ir) \ —
yla)=y,, 9 ()=,

Theorem: Existence of a Unique Solution

Let a,(x), an—1(x), ..., a;(x) and g(x) be continuous on an interval I and let
a,(x) # 0 for every x in this interval. If x = x; is any point in this interval, then a
solution y(x) of the initial-value problem (1) exists on the interval and is unique.
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Example: The given two-parameter family is a solution of the indicated differ-
ential equation on the interval (—oo, o). Determine whether a member of the

family can be found that satisfies the boundary conditions.
y=cix’+ cx*+3; x*y” —5xy +8y =24

@y(=1) =0, y(1)=4 b) y(0) =1, ¥(1) =2
©y(0) =3, y(1)=0 (d) y(1) =3, ¥(@2)=15
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by yer=t = =3 Mo

) 3(0)23 => 3=3
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Definition: A set of functions fi(x), f2(x), ..., fu(x) is said to be linearly de-
pendent on an interval I if there exist constants cy, ¢, ..., ¢,, not all zero, such
that ¢; fi(x) + cofo(x) + -+ + ¢, fu(x) = 0 for every x in the interval. If the set
of functions is not Imearly dependent on the interval, it is said to be hnearly
1ndependentv.9x Q (D=2x?, L5000 sl‘ L[X ﬂ er c

ci(2xt)t e (-
Definition: Suppose each of th’i: funct176n(s ﬁ(x) fz(x) fn(x) possesses at

least n — 1 derivatives. The determinant

fl/ fz’ fr:

W(fi, for-os f) =

1 1 —
f(n ) f(n ) . fn(n 1)

where the primes denote derivatives, is called the Wronskian of the functions



Theorem: Criterion for Linearly Independent Solutions

Let y1, ¥2, ..., Yn be n solutions of the homogeneous nth-order differential equa-
tion (1) on an interval I. Then the set of solutions is linearly independent on [
if and only if W(yy1, y3, ..., yu) # 0 for every x in the interval.

Example: Determine whether the given set of functions is linearly independent
on the interval (—oo, 00).

f1(x) = cos 2x, fo(x) = 1, fz(x) = cos® x
Zx2 Adhermin f~ - /a// ‘I)C,

_ i “QSEA 7% "SII\Q\(

—U coS2x —zwgg)(l < EAWM%SZ)O

L> CoS2x < Lcos® x— == @oszx—icosxﬂ — O

Theorem: Superposition Principle-Homogeneous Equations

Let y1, ¥2, ..., Yk, be solutions of the homogeneous nth-order differential equation
(1) on an interval I. Then the linear combination ¢; y;(x)+ ca y2(x) + -+ + cx y(x),
where the ¢;, i = 1,2,..., k are arbitrary constants, is also a solution on the inter-
val.






Definition: Any set y;, Vs, ..., ¥n, of n of linearly independent solutions of the
homogeneous nth-order differential equation (1) on an interval I is said to be a
fundamental set of solutions on the interval.

Theorem: General Solution-Homogeneous Equations

Let y1, 2, . &be a fundamental set of solutions of the homogeneous linear _nt_h—
order differential equation (1) on an interval I. Then the general solution of the
equation on the interval is y = ¢;y1(x) + ¢ y2(x) + - + ¢ yn(x).

Example at the given functions form a fundamental set of solutions of

e differential equation on the indicated interval. Form the general solution.
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Theorem: Existence of a Fundamental Set

There exists a fundamental set of solutions for the homogenous linear nth-order
differential equation (1) on an interval I.

Definition: Any function y,, free of arbitrary parameters, that satisfies (2) is said

to be a particular solution of the equation.

Theorem: General Solution-Nonhomogeneous Equations

Let y, be any particular solution of the nonhomogeneous linear nth-order dif-
ferential equation (2) on an interval I and let yy, ys, ..., y, be a fundamental set of
solutions of the associated homogeneous differential equation (1) on I. Then the
general solution of the equation on the interval is

y = ciyi(x) + c2ya(x) + - + cpyn(x) + y,(x), where the ¢;, i = 1,2,...,n are
arbitrary constants.

Theorem: Superposition Principle-Nonhomogeneous Equations

Let yp,, ¥py» -+ » Yp, b€ k particular solutions of the nonhomogeneous linear nth-
order differential equation (2) on an interval I corresponding, in turn, to k distinct
functions gi, g, ..., 8. Then y,(x) = y,,(x) + y,,(x) +... + y,,(x) is a particular
solution of 5{4 P e

an()y"™ + an 1 ()Y + o+ a1 ()Y + a(x)y = gi(x) + g(x) + ... + g(x)



Example: (a) Verify that y,, = 3¢** and y,, = x*+3x, respectively are particular
solutions of

" _ 6/ — 23lc/.
y Y + 5y =-=9e and
v’ — 6y +5y = 5x* + 3x — 16"

Z’X +3) %Pa = 2

Je

(b) Use part (a) to find the parw
y” — 6y’ + 5y = 5x* +.3x%.=.16.— 9e°~.
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